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 M/M/1-System

* MM/1/N-System
= Verlust
= Durchsatz

 M/M/m-Systems (Waiting Systems)
» M/M/eo-Systems (infinite server case)
* M/M/m/N-Systems (Loss Systems)
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Bedieneinheiten

Warteschlange Ausgang
Ankiinfte B¢ abgehend
> 3 >
Arrivals A Output
Queue leaving
!
Infinite length!

m Servers

Whenever a customer arrives in the system, he is

* Queued when all servers are busy

« Passed on to the next available server when at the head of queue or when at least
one server is free upon arrival

Verkehrstheorie 1 2.1.3 ‘

The system is such that a single queue with infinite length is connected to m servers. When a customer
arrives in the system and at least one server is busy, he is forwarded to an arbitrary free server. If all servers
are busy, the customer is queued and has to wait , until it is at the head of the queue and a server becomes
free. The customer, then, is routed to this free server.

The M/M/m-system, therefore, is identical to the M/M/1-system, except that m servers are available. In
particular, the number of places in queue is unlimited.

The mean arrival rate of customers into the system is denoted by A and each server has a mean
service rate of y. Both, arrival and service processes, are Poisson.
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We consider again, as we did with the M/M/1-queue, a time-discrete Markov chain. The basic structure is
what we search for first, i.e. which state is connected to which state. Assume again, that only a single arrival
or exit from the system can happen per time slot.
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The M/M/m Markov chain has the same structure as the M/M/1-System. However, the transition probabilities
are not equal. We search for the transition probabilities now.

For this purpose, it is important to consider the number of busy servers in each state and the resulting
probability that at least one of the servers finishes ist work during the time slot period T.
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Now that we have the Markov chain, we need to search for the detailed balance equations. The solution can
be found by iteration, as in the case of the M/M/1-System:

fornsm:
/]pn—l = n)upn
po=tpa=AE A g B =
n nu n-1 nu n—1),u n-2 r]!'un 0
n n
withp=——0 p" = ﬂ ~0 /\—n:(mp)n
m-u H
n
weget p, = (mr,;)) Po
The part for n>m is analogous
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Some explanations for the last step in the slide above:

g 1o gpmep 1o g

n=m n= m|:|m Omm™ m n=m
The sum can be solved to:

m-1 p"-1_ p"
p'=3yp" -3 p" - =

Z Z Z —5 p-1 1-p
And the final result is:

5 (mp)” _ _(mp)"

Emomom"™ m-p)
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Note that the calculation of p, is necessary to compute the probabilities for all other states of the system.
This computation requires somewhat more effort compared to an M/M/1-system. However, with given
parameters, it can be done easily with a small computer programm. All subsequent computations are

straight forward and simple.
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What is critical isthe probability to find all serversbusy, i.e. the case when an arriving
customer hasto wait in queue:

Thisisknown as the Erlang-C formula (or Erlang‘sdelay formula).

» Often used in telephone systems (call center example, manual exchange office)
» Used to estimate the probability to find e.g. all operatorsin acall center busy.

» The customer remainsin queue, i.e. it continoudy tries to get afree server.
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r.-Ing. Klaus Jobmann

. o g mm n m _
P{Queueing} =Py = Y p, = Y Pom A~ _ Po(mMp) s p"m
n=m n=m ml m n=m
_ Po(mo)™
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The danish mathematician A.K. Erlang was the foremost pioneer of queueing theory. The Erlang delay

formula above is named after him to honour his merits in queueing theory.
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The average number of customersin queueis given by

NQ = Z(n_m)pn :_Zipm+i =
n=m i=0

e mmhp™ (mp)™ =
IPDpg—— = — > 1 =
2 Po " Po " igop
(mp)"  p
pO 2
m  (1-p)
With Pq, form the Erlang-C formula, we get
_ Po(mp)™ _p P
° mQ- ° Q1-
1-0) P
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i=n-m
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Note that
No_ p

represents the expected number found in queue by an arriving customer conditioned on the
fact that all serversare busy. It isindependent of the number of serversfor agiven po=A/(mw)!

Hence, as long as customers are waiting in queue, the queue size of the M/M/m systems
behaves identically asin an M/M/1-system with service rate my/!
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The average waiting time in queueis given by Little's Law:

_No _ Pl
A AQ-)p)
The average time in system per customer is, therefore:
(P, P,
T :£+W :l+p—Q:£+—QWithp:L
H o AQ=-p) H mu-A my
Using Little'slaw again, the average number of customers in the systemis:
AR, (P,
N = AT :i+—Q:mp+ P Q W|thp:i
Hoomu=A 1-p my
In an M/M/1-system, we have:
N :L
1-p
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The comparison of N in the M/M/m and the M/M/1 system shows again that the queue behaviour of the
M/M/m system is equal to that of the M/M/1 system, under the assumption that all servers are busy.
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Assume acommunication link serving m Poisson streams with overall rate A.

. In the first case, we have an M/M/1 system with a server with service rate mu

. In the second case, we have an M/M/m system with each server having arate of
Comparethe average time T in the system for both cases for

a) Lowloadinthe system

b) Highloadinthe system

>
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M/M/1-System

MM/1/N-System
= Verlust
= Durchsatz

M/M/m-Systems (Waiting Systems)
M/M/oo-Systems (infinite server case)
M/M/m/N-Systems (Loss Systems)
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In the case where the number of serversisinfinite, we obtain from the detailed balance equations:

A |:pn—l =H |:pn! n=12..

1
hence p, = pO%QH
g

0 P (A/)] D_l _y
with 5 p, =1 weget p,=0y Y220 =e/#=¢”
n=0 =0 H

E. n
andfinaly p, = %ﬁ enl

This means that in steady state, the number of customersin the system is Poisson distributed with
parameter A/u. By Little'slaw, the average timein the systemis

T=1

U
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The average time in the system is immediately obvious, since there is never waiting in queue.
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The last letter does not, as usual, denote the length of the queue but rather describes the maximum
number of customersin the system. A customer is routed to afree server, if oneisavailable.
Otherwise, the customer is not alowed to enter the system but is simply dropped.

Example: Telephone system.

Verkehrstheorie 1 2.1.16 ‘
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AT AT
' Ht ' 2ut '

mut
1-AT 1-AT- T 1-AT- 2t
Detailed balance equation:
e
APy =NUP, N<m = P, = Po "
Solving for 3L p, =1, we get:
-1
0, 1O
Po = U % —U

AT
(m-l)uT '

1-AT- mut
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The blocking probability B is given by the case that all m servers are busy, i.e. by p,;:

@/
_ m _
= m _-p
Tom /)
ngo n'

Thisformulais also known as Erlang-B formula. It finds wide use in evaluating the blocking
probability in voice telephony systems.

Note that the loss formula can be shown to hold even if the service time has mean 1/ but arbitrary
probability distribution.
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The offered load A is the expected value of the number of busy lines b:

A= SnPfb=n'= Sn b — number of busy lines
nzo { } nZO P p,, — probability that n lines are busy

With a stationary stochastic process, A can be calculated as a time average value.
The model is:

» Observation of the system at equidistant times with interval At
e Summing up all numbers of busy lines at all observation instants

1 N . 1 N .
=— [N Ath(t, +1 At) =— [ n(t, +1 LAt
Nmtlzigo (o ) NEEO(O )

n(t) - number of busy linesat timet
N - number of observationinstants

Notethat A=A/ u

jkationsnetze
hus Jobmann
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B=konstant
e

m=constant

trunking gain

A
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The trunking gain describes the fact that, as the number m of servers grows, the offered load that can be
carried at constant loss probability B increases more than proportionally.

Example (from table):

With 2 servers, i.e. m = 2, and B = 1%, the offered load that can be carried is 0.153, i.e. p=0.153 (7% of the

available server capacity)

With 10 servers, i.e. m = 10, and B = 1%, the offered load that can be carried is 4.46, i.e. p=4.46 (on
average, 4.46 customers can wish to enter the system at the same time. This corresponds to almost 50% of

the available server capacity)
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1
b) Po and p closeto 1 in both cases, hence i <<
mu

T

(why isthis so?)

Universitat Hannover Exam p I e
a) Lowload in the system
b)  High load in the system 4
P
M/M/1 system: T, = 1 +— 91
mu mu-A
P
M/M/msystem: T, =1, Tom
Hoomu=A

a) Pg very small in both cases, hence T—m Om ,i.e. mtimeslarger av. delay in M/M/m system

mu —A 7
and therefore T_m (1 ,i.e theddaysare amost equal in heavy load situations

1 1

mu —A

andi <<
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